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Reference

MIT OCW Linear Algebra:
Lecture 18: Properties of determinants

http://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-
spring-2010/video-lectures/lecture-18-properties-of-determinants/

Lecture 19: Determinant formulas and cofactors

http://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-
spring-2010/video-lectures/lecture-19-determinant-formulas-and-
cofactors/

Lecture 20: Cramer's rule, inverse matrix, and volume

http://ocw.mit.edu/courses/mathematics/18-06-linear-algebra-
spring-2010/video-lectures/lecture-20-cramers-rule-inverse-matrix-
and-volume/

Textbook: Chapter 3



Determinant

The determinant of a square matrix is a scalar that
provides information about the matrix.

E.g. Invertibility of the matrix.
Learning Target

The determinants for 2x2 and 3x3 matrices
(review)

The properties of Determinants

The formula of Determinants
Cramer’s Rule



Determinants

2Xx2 and 3x3 matrices

Review what you have learned in high school



Determinants in High School

*2X2 *3x3
A=
A=< %
det(A) = ad det(A) =
—bc A10509 +a,aq07+asa,ag

—a3050d7 —A,A409—A1Ag0ag



Determinants in High School
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Determinants

Properties of Determinants

“Volume” in high dimension (?)



Three Basic Properties

* Basic Property 1:
e det(l) =1

B mE/R1 IETEE BEREA1L

1
OO M

S = O

N
10

L=|, ; I, (1)

1

det(l;) =1 det(l;) =



Three Basic Properties

* Basic Property 2:
* Exchange rows reverse the sign of det
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Three Basic Properties

* Basic Property 2:
* Exchange rows reverse the sign of det

If a matrix A has 2 equal rows

) det(A) =0

exchange two rows

A
det(A) = K = det(A’) = —K

AI

Exchanging the two equal rows yields the same matrix



Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

3-a o ([tca t;D = tdet ([CCl Z )
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Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

3-a o ([tca t;]) = tdet (lccl Z )

Q: find det(24)

fAisnxn......

A:det(24) = 2"det(A)



Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

e ([ ) = e ([ 7))
A row of zeros mmm) det(A) =0

Sett = 0! ﬁ

A row of zeros =) “volume” is zero




Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

3-b det([ata, bzbll)zdet([? Z)+det([cg Z)
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Three Basic Properties

* Basic Property 3:
e Determinant is “linear” for each row

Subtract k x row i from row j (elementary row operation)

det([c—aka d—bkb])
b —dee([ D)) +aee(| S, 0]

3o =der((® b)) -raee([¢ 1)) = ee([* )



Three Basic Properties

* Basic Property 1: det(l) = 1

e Basic Property 2: Exchange rows reverse the sign of
det

e Basic Property 3: Determinant is “linear” for each
row

Area in 2d and Volume in 3d have
the above properties

Can we say determinant is the
“Volume” also in high dimension?
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Determinants v.s. Invertible

“hismeritle IR et 0
A—R

Elementary row operation

det(A4) det(R)
= +kk, - det(A)
If Ais invertible, R is identity
det(R) = 1 ) det(A) # 0

If A'is not invertible, R has zero row

Add row: nothing det(R) =0 # det(4) =0

Exchange: Change sign

Scaling:  Multiply k



Invertible

* Let A be an n x n matrix. A is invertible if and only if

* The columns of A span R"
onto |* For every b in R", the system Ax=b is consistent

* The rank of Ais n

* The columns of A are linear independent

* The only solution to Ax=0 is the zero vector
* The nullity of A is zero

* The reduced row echelon form of Ais |

One-
on-one

* Ais a product of elementary matrices
* There exists an n x n matrix B such that BA =1_

* There exists an n x n matrix C such that AC=1_

e det(A)# O



Example

= [T

For what scalar cis the
A= matrix not invertible?

detA= 1-0:7 +(-1):c-2 +2-(-1)-1
-2-0:2 —-(-1):(-1):7 -1-c-1
=0—-—2c—2—-—7—¢c =-3c—9

not invertible m®) —3¢c -9 =0 mm) c = -3



More Properties of Determinants

det(A + B
* det(AB) = det(A)det(B) :,ted(et(A) -?— det(B)
Q: find det(4~1)

v ATIA =1 -~ det(A V)det(4) =det(l) =1
~ det(A™1) = 1/det(4)
Q: find det(4%)
det(A?) = det(A)det(A) = det(A)?
e det(A") = det(4)

e Zero row — zero column
e Same row — same column ......

P212 - 215



Determinants

Formula for determinants



Formula for Determinant

* Suppose A is an n x n matrix. A;is defined as the
submatrix of A obtained by removing the i-th row
and the j-th column.

—(l|| LR ! sl S

i-th row

J-th column



Formula for Determinant

ik row 1 c;;- (i,j)-cofactor
detA = a{1Cq{1 + A15C1p + -+ A1,C1n,

e Or pick row i
detA = a;1ci1 + ajnCip + -+ + A4, Ciny

* Or pick column j

detAd = Cllelj —+ azjczj + -+ Clnanj

Cij = (—1)i+jd€tAij
Cofactor expansion again ......



2 X 2 matrix ¢ = (D) detA;;

* Define det([a]) = a

a b

Azlc d

det(4) = ad — bc
Pick the first row
det(A) = acy; + bcy,
c11 = (=D det([d]) =d

c1, = (=)' 2det([c]) =—c



3 X 3 matrlx Cij = (—1)i+jd€tAij

A = Pick row 2

N A
oo U1 DN
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detA = a31Cp1 + A2C77 + A33C53
4 5 6

(—1)?**ldetA,, (—1)**2detA,, (—1)**3detAy;

2 3 1 3 1 2
Ay = Ay = Ayz =
7 8

8 9 7 9




Example

* Given tridiagonal n x n matrix A

1 1 O 0 O
1 1 1 0 O
0 1 1 0 O
A=
0 0 O 1 1
0 0 O 1 1
0 0 O 0 1

Find detA when n =999

o O O




detA,

1. =1 1] = a11C11 + A12C12 + Tycaq + Tixées

2711 1 : 1 0 0
1 1 O 1 1 O

A; =11 1 1 c;1 = (—1D?%det|1 1 1
0 1 1. 0 1 1
1 1 0 0] = det(A3)

A,—=|1 1 10 T 1 0
0 1 1 1 ci, = (=1)3det|0 1 1
00 1 1 _ _

= aq11€11 T C:ll12C12 T Brsly3 = —det(A)
1 0

= det(4,)



Example

det(A,) = det(A3) — det(4,)

det(A,) = det(A,,_1) — det(4,,_5)

det(4,) =1 det(4,) =0 det(A;) = —1
det(A,) = —1 det(As) =0 det(dg) =1

det(A7) =1 det(A8) — 0 ......



1

Formula from Three Properties

2
1 071 _ 0 11_
01_1 10]_1

det [? Z] = det [? 2] +det [212\3;19A
= det [CCl 8] + det [g 2] +det [(c) 8] + det [8 Z] 3-b
3-a 3-a 3-a 3-a

=0 = ad = —Dbc =0

= ad — bc



det

ay1 A2
a1 Az
azq1 a3z
a7 O

dzq1 A2
dz1 A3z

Finally, we get 3 x 3 x 3 matrices

Most of them have zero
determinants

0 a, O
A1 (A2 dA23
d3zq1 dzp dzs3

+det +det|az; aj; azs

d3zq1 dzp dss

0 0 alg]

a1
a,; 0 0| +det| O az; O |4det]l O 0 azg]
a31 a32 a33 a31 a32 a33 a31 a32 a33
a; 0 0 a;;, 0 0 alf’o 0 |
az 0 0 tdet|a,;, 0 0| +det|la,; 0 0
a’31 O O_ I 0 a32 O_ I O O a33_




a1 i Qg3

det|Qz21 Qazz ap3

d3zq1 dzp dz3

a;; 0 0]
0 a,, O
0 0 aj;
(11022033

0 a;, O]
0 0 ay;

asz; O 0
A120d23031

Pick an element at each row,

31 Matrices have non-zero

rows
a;;, 0 0
0 0 ay;
0 a3, O
—a11023037
0 0 aq]
a,; 0 0
O a32 O
130210437

0 a, O
a,; 0 0
0 0 as;
—a12021033
0 0 aq
0 a,, O
aszq; 0 0
—aq130a22031

but they can not be in the same column.




Formula from Three Properties

* Given an n X n matrix A
det(4) = z n!terms

Format of each term: Q1402p043) *** Apy

Find an element in permutation of
each row 1,2, ..., n







Formula from Three Properties

detAd = 2 n! terms

Format of each term: Q142503 *** Qyng

detA = 11011 —+ A12C12 + -+ A1nC1n

1 “\

All terms
including a4

All terms All terms
including a4, including a4,




Determinants

Cramer’s Rule



Formula for A

e At =——(T C =

~ det(4)

C ceeo e C
e det(A): scalar -l -

e C: cofactors of A (C has the same size as A, so
does CT)

 CT is adjugate of A (adj A, f-FigHH[H)

€11 C12]
C =

A= [a b 1Co1 Coo. A—l
c d i _
_ d —c
det(A) —b al __ 1 rd
cT — d —D] ad — bcl—c
— ad — bC o | —C a




-1 -1 _ T
Formula for A AT = o C
a b c]
cA=|d e f|,A71=>
g9 h i
det(A) = aei + bfg + cdh — ceg — bdi — afh
T e f| _|d f|  Ld e
h i g 1 g h
. _ b c a ¢ _la b
= h i T g U g h
b c a ¢ b ¢
R T Y




Formula for A

e Proof: ACT = det(A4)l,

A1n] [C11 Cnil
ann_ _Cln Cnn_
transpose

1 T

A—l

‘det(A)

0

- det(A4) ¢

0

det:(A)_

Diagonal: By definition of determinants

Not Diagonal:

(Exercise 82, P221)




1

/ -1 _ T
Cramer’s Rule AT = oo C
det(B;)
X4 =
" det(4) B, =with column 1 replaced by b
Ax =b
v = det(B,) ~ N
x =A"1b 27 det(A) n-1
s Columns
__ of A
det(4) ' . /
X: = det(Bj) B; =with column j replaced by b

I 7 det(4)



Appendix
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= \a*d® + b*c* —2abed =+/(ad - bc)* =|ad —be =

Area of rectangle: (a+¢)*(b4d)

<0, 0>

~(u- V) = (@ + ) +d*)—(ac+bd)’

O

a b
c
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(a+c)(b+d)-2(5Ka+2)+ Sed)
wab+ad+chyed-bla+2c)~cd
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wad+ch-2chb+ ab-ab+cd - cd

- ad -cbh



Volume

http://203.72.198.200/assets/attached/7933/origina
|/ %E6%95%B8%E5%AD%B84 1-
A%E5%A4%96%E7%A9%8D%E3%80%81%E9%AB%94
%E7%A9%8D%E88%88%87%E8%A1%8C%ES5%88%97
%ES5%BC%8F.PDF?1375717737



Cofactor

* Cofactorof a;; =

+det(n-1 matrix with
row | and col j erased)

+: i+j even

-1 i+j odd



COfaCtOr all(azzagg — azg

e Cofacters3 X3
det =

a,1(azazz — azzas;) 412
23732 +a,; 0 a3 +a12( ...... )
0

azq 33
+a,(......) _ (—azi1a33 — a,
0 0 a3
+{az; az; O T
+a13( ...... ) 31 a3 0



